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An expanding losed universe lled with radiation an either reollapse or tunnel
to the regime of unbounded expansion, if the osmologial onstant is nonzero. We
re-examine the question of partile reation during tunneling, with the purpose of
resolving a long-standing ontroversy. Using a perturbative superspae model with a
onformally oupled massless salar eld, whih is known to give no partile produ-
tion, we expliitly show that the breakdown of the semilassial approximation and
the atastrophi partile prodution laimed earlier in the literature are due to an
inappropriate hoie of the initial quantum state prior to the tunneling.
I. INTRODUCTION
The tunneling approah to quantum osmology proposes to view the reation of the
Universe as a quantum tunneling event [1, 2, 3℄. A semilassial piture based on the
Wheeler-DeWitt equation desribes tunneling from a state of vanishing size (tunneling
from nothing) to a losed inating universe. Alternative proposals have been put forward
by Hartle and Hawking [4℄ and Linde [5℄. For a reent ritial review see, e.g., [6℄. In the
present paper, we shall fous on the tunneling piture.
The proess of tunneling from nothing an be thought of as a limit of tunneling from
a losed reollapsing universe of very small but nonzero size (tunneling from something).
Consider a losed FRW universe lled with a vauum of onstant energy density and some
matter or radiation. Classially, suh a universe has two possible types of evolution. It an
expand to a maximum radius and reollapse, or it an ontrat from an innite size, boune
at a minimum radius and then reexpand. But in quantum osmology there is yet another
possibility. Instead of reollapsing, the universe an tunnel through a potential barrier to the
regime of unbounded expansion. The semilassial tunneling probability does not vanish in
the limit when the maximum size of the initial universe shrinks to zero. The orresponding
2wave funtion desribes quantum nuleation of an inating universe from nothing.
The question of the partile ontent in the universe reated by quantum tunneling has
been studied in the literature by inluding the inhomogeneous modes of quantum elds in
the wave funtion. Coniting laims of exessive partile prodution during tunneling [2, 7℄,
on the one hand, and of essentially no partile ontent in the inating universe [8, 9, 10℄,
on the other hand, have been advaned. In this paper we intend to resolve this ontroversy
and explain the origin of the oniting results.
Rubakov [2℄ (see also [7℄) onsidered salar partile prodution in the proess of tun-
neling from something. He found that, for a generi initial state of the universe, the wave
funtion is signiantly aeted by the apparent growth of the exitations of the salar eld
during tunneling. Rubakov interpreted this result as an exessive partile prodution during
tunneling and a breakdown of the semilassial evolution. However, we shall argue that this
result is a onsequene of an inappropriate hoie of the quantum state of the universe and
that in fat there is only a nite, if any, partile prodution during tunneling.
Our main points an be summarized as follows. An arbitrary initial state of the reollaps-
ing universe an be interpreted as a superposition of semilassial geometries with ertain
amplitudes, eah branh being a lassial universe with a ertain quantum state of the salar
eld. In a generi superposition, essentially all exited states of the salar eld will be repre-
sented, perhaps with small amplitudes. In this ase, some of the semilassial branhes will
have suh a large energy due to the exitations of the salar eld that no tunneling will take
plae: in these branhes, the initial universe will not reollapse but will ontinue expanding.
Non-tunneling branhes give a potentially larger ontribution to the wave funtion at large
sale fators beause they are not exponentially suppressed, ompared with the tunneling
branhes. If the amplitudes of suh high-energy branhes in a given superposition are suf-
iently large, they will give a dominant ontribution to the wave funtion of the inating
universe, while the ontribution of the tunneling branhes will be negligible.
If one onsiders the tunneling from a reollapsing universe of nonzero size (tunneling
from something), then one is free to hoose the initial quantum state of that universe.
We shall show that a onsistent semilassial piture of the tunneling universe an only be
obtained with an appropriate hoie of the initial quantum state of the reollapsing universe.
This state should be suh that both the reollapsing and the inating universe belong to the
same semilassial branh of the wave funtion. Rubakov et al. [2, 7℄ have hosen a quantum
3state that does not satisfy this ondition. On the other hand, Refs. [8, 9℄ have onsidered
tunneling from nothing (the limit of zero size of the reollapsing universe) using a quantum
state that desribes a single underlying semilassial geometry. In the present paper we shall
expliitly onstrut suh quantum states for the ase of tunneling from something. The
dierene in the hoie of the quantum state is the rst ause of the disrepany in the ited
papers.
The seond problem with the results of Rubakov et al. is their partile interpretation of the
wave funtion. A partile interpretation of a quantum eld theory requires a xed, lassial
bakground metri. With a generi hoie of the quantum state of the universe, the Wheeler-
DeWitt wave funtion will desribe a quantum superposition of dierent geometries, rather
than a single lassial geometry. In this ase, the interpretation of the Wheeler-DeWitt
wave funtion that Rubakov et al. used to obtain the partile ontent (the formalism of the
instantaneous Hamiltonian diagonalization) is not justied. If the partile ontent is inferred
from the wave funtion as if there exists a unique underlying semilassial spaetime, then
one is lead to erroneous onlusions about the breakdown of the tunneling proess and about
the exessive partile prodution.
The paper is organized as follows. In Se. 2, we review the perturbative superspae
approah to the Wheeler-DeWitt equation. We demonstrate that a Gaussian ansatz for
the WKB wave funtion employed in Refs. [8, 9℄ orresponds to an instantaneous squeezed
state in the formalism of Rubakov et al. In this sense we nd a formal agreement between
these alulations. In Se. 3, we onsider a massless onformally oupled salar eld, in
whih ase the Wheeler-DeWitt equation is separable and it is well known that there is no
partile prodution [11℄. Assuming a squeezed initial quantum state for the salar eld, we
show by an expliit alulation that the wave funtion beomes dominated by high-energy
states far enough under the barrier, and that the interpretation of Rubakov et al. would
indiate a atastrophi partile prodution during tunneling. Details of the alulation
are given in Appendix A. In Se. 4, we disuss what we believe to be the orret physial
interpretation of the results. The more ompliated ase of a massive salar eld will be
presented in the ompanion paper [12℄.
4II. SEMICLASSICAL PERTURBATIVE SUPERSPACE
We onsider a homogeneous (losed) FRW universe with a onformally oupled salar
eld φ. The metri is homogeneous on 3-spheres,
ds2 = dt2 − a2 (t) dΩ23, (1)
where a (t) is the sale fator. The salar eld φ is not homogeneous and may be expanded
in 3-spherial harmonis,
φ (x, t) =
pi
√
2
a (t)
∑
n,l,p
χnlp (t)Q
n
lp (x) . (2)
Below, only the index n = 1, 2, ... will enter the equations, and we shall suppress the indies
l, p of the modes χnlp (t). The summation over degenerate indies l, p spans l = 0, ...,
n − 1 and p = −l, ..., l and introdues an extra fator n2 whih we shall insert in expliit
alulations below.
The model is desribed by the lassial ation∫
d4x
√−g
{
1
16pi
R +
1
2
(∂µφ)
2 − 3
8pi
H2 − m
2φ2
2
− 1
12
Rφ2
}
. (3)
Here, the parameter H represents the vauum energy (the osmologial onstant), R is
the salar urvature, m is the mass of the salar eld, and we are using Plank units,
G = ~ = c = 1. In the Shrödinger piture of the perturbative superspae approah
to quantum gravity [13℄, the wave funtion of the universe Ψ (a, {χn}) after appropriate
resalings of the parameters (see [8℄ for more details) satises the Wheeler-DeWitt equation[
~
2 ∂
2
∂a2
− V (a)−
∑
n
Hn
]
Ψ (a, {χn}) = 0. (4)
Here, the salar eld Hamiltonian for the n-th mode is
Hn ≡ ~2 ∂
2
∂χ2n
− (n2 +m2a2)χ2n, (5)
and
V (a) ≡ a2 −H2a4. (6)
We have written out the Plank onstant ~ in Eq. (4) to make the WKB approximation
more expliit below. [The fator ~ is merely a formal bookkeeping parameter sine ~ ≡ 1
5in Plank units.℄ The Hamiltonian of Eq. (5) desribes a harmoni osillator with an a-
dependent frequeny
ωn = ωn (a) ≡
√
n2 +m2a2. (7)
As in Ref. [2℄, we shall inlude in addition to the salar eld a homogeneous radiation
omponent with energy density
ρr = a
−4εr, (8)
where εr is a onstant parameter. This amounts to replaing
H2 → H2 + εr
a4
(9)
and therefore Eq. (4) still holds with
V (a) = a2 −H2a4 − εr. (10)
ε
a
a
V
0 2
r
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Figure 1: Tunneling from something: reation of the inating universe by tunneling.
The physial piture of the universe in this model is illustrated in Fig. 1. The Wheeler-
DeWitt equation in the (a, χn) spae is formally similar to a stationary Shrödinger equation
for a quantum-mehanial partile in a two-dimensional potential. A small losed universe
lled with radiation of energy density εra
−4
is expanding and reollapsing in the neigh-
borhood of a = 0, and an inating universe with sale fator a2 is reated by tunneling
through the potential barrier. The maximum sale fator a1 of the reollapsing universe is
determined by the energy parameter εr.
A typial solution of the Wheeler-DeWitt equation that represents the reation of an
inating universe by tunneling is qualitatively analogous to the quantum-mehanial tun-
neling wave funtion with the above potential. In the regions outside the barrier, the wave
6funtion is osillatory (in the a diretion) and generally has the form of a linear ombination
of inoming and outgoing waves,
Ψ (a, {χn}) = f1 ({χn}) eiS1(a) + f2 ({χn}) e−iS2(a). (11)
The tunneling boundary ondition speies that the wave funtion should ontain only the
outgoing wave in the domain a > a2. In this domain, we an interpret the wave funtion
as desribing a lassial spaetime if we introdue a semilassial time variable whih is a
funtion of a [14, 15℄. A ustomary ansatz is to introdue the onformal time by
dτ =
da√−V (a) . (12)
In the underbarrier region, a1 < a < a2, the wave funtion is a linear ombination
of growing and deaying real exponentials; the onformal time beomes imaginary. The
underbarrier region a1 < a < a2 does not orrespond to a lassial spaetime.
A. The Gaussian approximation
To obtain an approximate solution, one an substitute the following WKB-motivated
Gaussian ansatz into Eq. (4),
Ψ (a, {χn}) = exp
[
−1
~
S (a)− 1
2~
∑
n
Sn (a)χ
2
n
]
(13)
and neglet the terms of order O (χ4n). (This ansatz was introdued in Ref. [16℄ in the
ontext of tunneling in two dimensions.) Equation (13) approximates the wave funtion
only near χn = 0, where higher powers of χn are negligible. We shall refer to the wave
funtion of Eq. (13) simply as the Gaussian solution. In the ompanion paper [12℄ we shall
give a detailed analysis of the appliability of this approximation.
The funtions S (a), Sn (a) in the ansatz are to be found from the equations
(S ′)
2 − V (a)− ~S ′′ + ~
∑
n
Sn = 0, (14)
S ′S ′n − S2n + n2 +m2a2 −
~
2
S ′′n = 0. (15)
The WKB approximation onsists of negleting the terms of order O (~) in Eqs. (14)-(15).
[Note that the last term in Eq. (14) an be interpreted as the bakreation of the salar eld
exitations on the bakground metri.℄
7In the underbarrier region a1 < a < a2, we introdue the Eulidean onformal time
variable τ by
τ (a) ≡
∫ a
a1
da√
V (a)
. (16)
[A straightforward analyti ontinuation of this denition is to be used in the lassially
allowed regions.℄ Then we obtain the equations
S (a) = ±
∫
da
√
V (a), (17)
dSn
dτ
= S2n − ω2n. (18)
A perhaps unexpeted property of the Gaussian solution is that the real part of the
funtion Sn (a) obtained from Eq. (18) may beome negative at some values of a under the
barrier, making the Gaussian wave funtion grow at large χn. Whether or not this happens
is determined by the initial value Sn (a1) at the rst turning point. In previous work [9℄, the
ondition
ReSn > 0 (19)
was motivated by the requirement that the wave funtion be nite at large χn. This ondition
has been used in Refs. [9, 10℄ and yielded physially reasonable results. However, it should
be noted that, stritly speaking, the ourrene of ReSn ≤ 0 is not neessarily problemati,
sine the Gaussian approximation should only be appliable at small χn. We shall see
below that the onset of the atastrophi partile prodution as laimed by Rubakov et
al. is diretly related to the hange of sign of ReSn (a). Our onsiderations will larify the
physial interpretation of this phenomenon and justify the ondition of Eq. (19).
B. The instantaneous diagonalization piture
Rubakov et al. [2, 7℄ have used the method of instantaneous Hamiltonian diagonalization
to solve Eq. (4). This is equivalent to expanding the wave funtion Ψ (a, {χn}) in the eigen-
states ψ
(n)
k (a, χn) of the a-dependent Hamiltonian of Eq. (5). The normalized instantaneous
eigenstates an be taken as
ψ
(n)
k (a, χn) =
(
ωn
pi~
) 1
4
√
2kk!
Hk
(
χn
√
ωn
~
)
exp
(
−ωnχ
2
n
2~
)
, (20)
8where Hk (x) are Hermite polynomials and ωn (a) is given by Eq. (7). The χn-dependent
part of the wave funtion is deomposed into a superposition of instantaneous exited states,
Ψn (a, χn) =
∞∑
k=0
C
(n)
k (a)ψ
(n)
k (a, χn) , (21)
with unknown a-dependent oeients C
(n)
k (a). The omplete wave funtion is a produt
of these fators,
Ψ (a, {χn}) = e−S(a)
∏
n
Ψn (a, χn) .
An approximate solution obtained in Ref. [2℄ is of the form
C
(n)
2k (a) =
√
(2k)!
k!
[ζn (a)]
k
, (22)
where ζn (a) is a ertain expliitly obtained funtion, whih quikly grows with a when
starting at ζn (a1) = 0, making the amplitudes C
(n)
2k (a) large. However, the expansion
of Eq. (21) with the oeients from Eq. (22) is meaningful only when |ζn (a)| < 1. In
Ref. [2℄, the oeients C
(n)
k are interpreted as amplitudes for the mode χn to be in k-th
exited state, with the onlusion that suh large amplitudes C
(n)
k demonstrate a atastrophi
partile prodution and a breakdown of the perturbative and/or the WKB approximation.
Although the oeients C
(n)
k should not be interpreted as real partile numbers in the
tunneling regime, it is lear that the bakreation annot be negleted if C
(n)
k beome large.
The hoie of the initial value ζn (a1) = 0 was motivated in Ref. [2℄ by the intention
to investigate the partile prodution during tunneling and to start with very few or no
partiles in the reollapsing universe. Thus the state with no partiles instantaneously at
a = a1, i.e. C0 (a1) = 1, C2k (a1) = 0 for k ≥ 1, was hosen. However, the denitions of
partiles and of the vauum in an expanding universe are notoriously ambiguous (see, e.g.,
[17℄), and the method of instantaneous diagonalization is known to give unphysial results
in some ases [11, 18℄. An unambiguous denition of partiles is possible only in ertain very
speial models. One suh model is a massless onformally oupled salar eld, for whih
there is stritly no partile prodution [11℄. We shall show in the ompanion paper [12℄ that
the state hosen by Rubakov et al. annot be onsidered a vauum state. In the next setion
we shall interpret the states desribed by Eq. (22) as squeezed states.
9C. Instantaneously squeezed states
A squeezed vauum state |ζ〉 of a harmoni osillator an be dened using the reation
operator a† and the vauum state |0〉 as
|ζ〉 = (1− ∣∣ζ2∣∣) 14 exp [−ζ
2
(
a†
)2] |0〉 . (23)
Here ζ is the squeezing parameter, a omplex number satisfying |ζ | < 1. The state is
normalized with the given prefator, so that 〈ζ |ζ〉 = 1. Sine
(
a†
)k |0〉 = √k! |k〉 , (24)
we nd that the squeezed state is the following superposition of the exited states,
|ζ〉 = (1− ∣∣ζ2∣∣) 14 ∞∑
k=0
(−ζ)k√(2k)!
2kk!
|2k〉 . (25)
[The normalized wave funtions for the exited states are given by Eq. (20) and the hoie
of phases in that equation is onsistent with Eq. (24).℄
Suppose that at a partiular moment of time the wave funtion of the harmoni osillator
with frequeny ωn is a Gaussian,
ψG (χn) ∝ exp
(
−Sn
2
χ2n
)
, (26)
and assume that ReSn > 0. We an represent the wave funtion of Eq. (26) by a superpo-
sition of exited states,
|ψG〉 =
∞∑
k=0
Ck |k〉 . (27)
Only even k = 2p will have nonzero amplitudes Ck. Using the following formula for the
integral of a Hermite polynomial (transformed from Eq. 22.13.17 of [19℄),∫ +∞
−∞
H2p (x) exp
(
−bx
2
2
)
dx =
√
pi (2p− 1)!! (2− b)p
(
2
b
)p+1/2
, (28)
where b > 0, we obtain, up to a p-independent fator,
C2p ∝
(
ωn − Sn
ωn + Sn
)p
(2p− 1)!!√
(2p)!
. (29)
Comparing this with Eq. (25) and using the identity
(2p− 1)!! = (2p)!
2pp!
, (30)
10
we nd that the a-dependent deomposition of the Gaussian wave funtion of Eq. (26) into
instantaneous exited states is exatly the same as that of a squeezed vauum state with
the (a-dependent) squeezing parameter
ζn (a) =
Sn (a)− ωn (a)
Sn (a) + ωn (a)
. (31)
Inidentally, from Eq. (15) it follows that the funtion ζn (a) in the underbarrier region
satises the equation
dζn
dτ
= 2ζnωn − ω˙
2ω
(
1− ζ2n
)
. (32)
This equation will be useful in the ompanion paper [12℄.
Thus we have identied the funtion ζn (a) from Eq. (22) as the instantaneous squeezing
parameter. This allows us to relate the hange of the signature of the Gaussian solution with
Rubakov's atastrophi partile prodution. The instantaneous mean oupation number
in a squeezed state of Eq. (25) is
〈N〉 = (1− ∣∣ζ2∣∣) 12 ∞∑
p=0
|ζ |2k (2p)!
22p (p!)2
2k =
|ζ |2
1− |ζ |2 . (33)
The mean oupation number (in one mode) beomes formally innite when |ζ | grows above
1. However, Eq. (31) an give |ζn (a)| ≥ 1 only when ReSn (a) ≤ 0. Therefore, the mean
oupation number remains nite, and an apparent atastrophe is avoided, as long as Eq. (19)
holds.
We still have not given a physial motivation for the ondition of Eq. (19). In the next
setion we shall address this issue by onsidering an exatly solvable example.
III. EXPLICIT RESULTS FOR A MASSLESS FIELD
In this setion we onsider the model of a tunneling universe with a onformally oupled
massless salar eld. It is well known that there is no partile prodution in this model
[11℄. However, the arguments of Rubakov et al. would still suggest a atastrophi partile
prodution for some states of the eld. To understand the origin of this disrepany, it
is instrutive to ompare the Gaussian solution with the exat wave funtion obtained by
separation of variables in the Wheeler-DeWitt equation.
11
A. Solution by separation of variables
In the massless ase, the Wheeler-DeWitt equation is[
~
2 ∂
2
∂a2
− V (a)−
∑
n
n2
(
~
2 ∂
2
∂χ2n
− n2
)]
Ψ (a, {χn}) = 0. (34)
[Here we have inserted the degeneray fator n2.℄ The variables in Eq. (34) separate. The
separable solutions are of the form
Ψ (a, {χn}) = ψ (a)
∏
n
ψn (χn) . (35)
A general wave funtion is a linear ombination of suh solutions.
A single separable solution of the form (35) may be parametrized by integer oupation
numbers pn ≥ 0, indiating the exitation levels pn of the modes χn. The eigenfuntions in
χn are given by Eq. (20) with the substitutions ωn ≡ n and k ≡ pn. For a given set of the
oupation numbers {pn}, the eigenfuntion in a satises[
~
2 ∂
2
∂a2
− V (a) + ~
∑
n
n3 (2pn + 1)
]
ψ{pn} (a) = 0. (36)
Note that sine the number of modes is innite, the above sum diverges even if all pn = 0;
this is the divergene of the zero-point vauum energy. To obtain a meaningful solution,
we assume that the zero-point energy divergene is absorbed into the radiation density
parameter εr, and that only nitely many of pn are nonzero. Then the equation for the
eigenfuntion ψ (a) beomes[
~
2 ∂
2
∂a2
− V (a) + ~
∑
n
2n3pn
]
ψ{pn} (a) = 0. (37)
The 2n3pn term represents the bakreation of the salar eld exitations on the bakground
geometry. This term beomes signiant if we onsider exited states with large pn.
Equation (37) an be solved using the WKB approximation,
ψ{pn} (a) = exp
(
−S (a)
~
)
, (38)
with S (a) satisfying the equation
dS
da
= ±
√
V (a)− ~
∑
n
2n3pn. (39)
12
We have kept the O (~) term in Eq. (39) beause we would like to allow arbitrary ombina-
tions of exitation levels, whih may lead to large values of
∑
n 2n
3pn.
Beause of the two possible signs at the square root, we obtain two branhes orresponding
to the growing and the deaying solutions under the barrier,
Sg =
∫ a
a1
√
V (a)− ~
∑
n
2n3pn da , S
d =
∫ a2
a
√
V (a)− ~
∑
n
2n3pn da . (40)
Here, the boundaries a1,2 of the lassially forbidden region a1 < a < a2 are the two positive
roots of the equation
V (a)− ~
∑
n
2n3pn = 0. (41)
The boundary onditions for the a-dependent part of the wave funtion are a normaliza-
tion ondition, e.g. ψ (a = 0) = 1, and the tunneling boundary ondition at large a.
In the ase of zero oupation numbers (the vauum state), the general (WKB) solution
of Eq. (34) under the barrier is a linear ombination of the two branhes,
Ψ (a, χn) =
(
Cge
−
S
g
0
~ + Cde
−
Sd0
~
)
exp
[
− 1
2~
∑
n
nχ2n
]
. (42)
The subsript 0 in Sd,g0 signies that they are the vauum solutions given by Eq. (40) with all
pn = 0. The relation between the onstants Cg and Cd is to be obtained from the boundary
ondition at a =∞ and will not be important for what follows.
An exited state of the mode χn′ is given by the wave funtion
Ψ (a, χn) ∝ Hp
(
χn′
√
n′
~
)(
Cge
−
S
g
(p)
~ + Cde
−
Sd
(p)
~
)
exp
[
− 1
2~
∑
n
nχ2n
]
, (43)
where the funtions S
g,d
(p) are given by Eq. (40) with all the oupation numbers pn equal to
zero exept pn′ = p. These funtions are dierent from the vauum funtions S
g,d
0 beause
of the bakreation of the salar eld exitations on the metri.
Equations (42)-(43) apply in the under-barrier region, a1 < a < a2; analogous expressions
an be written for the other regions.
Beause of the separation of variables, the denition of the vauum and the partile
interpretation of the wave funtion are unambiguous. A given wave funtion Ψ (a, {χn})
is deomposed into separable solutions of the form of Eq. (35). Eah branh orresponds
to a semilassial universe with a xed set of oupation numbers {pn} and a modied
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bakground geometry. Sine the bakground geometry is aeted by the exitations, a linear
superposition of several suh semilassial wave funtions with suiently dierent sets of
oupation numbers {pn} may not orrespond to a universe with a denite semilassial
geometry or partile numbers. However, any lassial observers in suh a universe will nd
themselves in ertain semilassial branhes where the spaetime is xed and the partile
numbers remain onstant. In this sense, there is no observable partile prodution in the
massless model, for any hoie of the quantum state of the universe.
B. Solution in the Gaussian approximation
If S0 (a) satises Eq. (39) with either of the signs at the square root, then Eq. (18) an
be solved in quadratures (for any V (a)). We again introdue the onformal time variable τ
by Eq. (16). The general solution of Eq. (18) with the identiation ωn ≡ n (as appropriate
for the massless ase) is
Sn (a) = n
e−2nτ(a) +B
e−2nτ(a) −B, (44)
where B is an arbitrary onstant of integration. We an rewrite the solutions for the growing
and the deaying branhes as
Sgn (a) = n
1 +Bge
2nτ(a)
1− Bge2nτ(a) , S
d
n (a) = n
1 +Bde
−2nτ(a)
1− Bde−2nτ(a) , (45)
where we have introdued the onstants Bg and Bd for these two branhes. (We suppressed
the index n at the onstants Bg, Bd for brevity.)
The hoie of the onstants Bg,d is determined by the initial ondition Sn (a1) and by
mathing of the branhes at the seond turning point a2. It is lear from Eq. (45) that
some hoies of the onstants will lead to negative values of Sn (a) under the barrier. A
speial hoie is Bg = Bd = 0; in this ase, the funtion Sn (a) is onstant, and the vauum
solution of Eq. (42) is reovered. For other values of B, the Gaussian solution orresponds
to a squeezed state. The orresponding squeezing parameter at a = a1 is ζn (a1) = B, as
follows from Eq. (31) with the identiation ωn ≡ n appropriate for the massless ase.
The squeezing parameter ζn (a) satises Eq. (32) where ωn = const,
dζn
dτ
= 2nζn. (46)
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For a given initial squeezing parameter ζn (a1), we nd that, at a point a = a∗ under the
barrier, |ζn (a∗)| = 1 and therefore ReSn (a∗) = 0 if
|ζn (a1)| = exp [−2nτ (a∗)] . (47)
Therefore, Eq. (19) will hold everywhere under the barrier (a1 < a < a2) only if ζn (a1) is
small enough so that
|ζn (a1)| < exp [−2nτ (a2)] . (48)
The speial hoie B = 0 orresponds to the (unique) vauum state ζn ≡ 0. With this
hoie, the Gaussian solution will always be well-behaved, with ReSn > 0 everywhere.
C. Comparison: The ase of H = 0
If H = 0, the barrier is innitely high, so there is no tunneling but only the reollapsing
universe. We use this ase to illustrate the underbarrier behavior of the wave funtion,
beause expliit alulations an be more easily done. In the H 6= 0 ase, the potential
V (a) is well approximated by the H = 0 expression, V (a) = a2 − εr, when a is suiently
small, a≪ H−1.
The Gaussian solution for H = 0, together with the ondition ReSn (a) > 0 for all a,
gives a unique wave funtion, beause Eq. (48) fores ζ = 0. The Gaussian wave funtion
with ζ = 0 orresponds to the vauum state [given by Eq. (42)℄ and is illustrated in Fig. 2.
We now onsider the wave funtion for a squeezed state with ζ ≡ ζ (a1) 6= 0. We an
onstrut the exat wave funtion using Eqs. (25), (43) and ompare it with the Gaussian
solution.
An expliit alulation of the exat wave funtion Ψ (a, χn) is given in Appendix A. At
a = a1 it has the form of a squeezed state with a squeezing parameter ζ ≡ ζ (a1). For ζ not
too lose to 1, the wave funtion is dominated by the vauum state and nearby states with low
oupation numbers. However, as we go under the barrier, the ontribution of highly exited
states beomes inreasingly important, and at large enough a they ompletely dominate the
wave funtion. This happens when a exeeds the following ζ-dependent bound,
a > amax (ζ) ≡
√
εr
2
(
ζ−
1
2n + ζ
1
2n
)
. (49)
These exited states belong to dierent semilassial branhes of the wave funtion, and
thus the piture of a quantum eld in a semilassial bakground spaetime does not apply.
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Figure 2: The vauum wave funtion (ζ = 0) in the a − χ spae with εr = 15. (Only the mode
χn with n = 10 is shown, and other modes χn are omitted.) Osillatory behavior until the turning
point a1 ≈ 4 is followed by an exponential deay under the barrier (a > a1).
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Figure 3: The wave funtion of a squeezed state (ζ = 0.5) in the a − χ spae, with the same
parameters as in Fig. 2. The underbarrier (a > a1) wave funtion is dominated by highly exited
states.
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The wave funtions of the exited states exhibit short-wavelength osillations in the χ-
diretion, whih are learly visible in Fig. 3. This signals the breakdown of the Gaussian
approximation. Now, it an be easily veried that the value amax in Eq. (49) oinides with
a∗ dened in Eq. (47) as the value of a where Sn (a) hanges sign. This follows from (47)
after substitution of the expression
τ (a) = cosh−1
a√
εr
(50)
for the Eulidean onformal time for H = 0. If ζ 6= 0 then amax is nite and ReSn (a)
beomes negative for a > amax. Only if ζ = 0, the ondition of Eq. (19) holds for all a > 0.
We nd that Eq. (19) is indeed the ondition of onsisteny of the Gaussian approximation.
We wish to stress that the onstant parameter ζ ≡ ζ(a1) employed in the Appendix is
not to be onfused with the instantaneous squeezing parameter ζ (a) dened by Eq. (31).
The instantaneous squeezing parameter ζ (a) does not neessarily reet the true partile
ontent of the quantum state. In partiular, |ζ (a)| > 1 when ReSn (a) < 0, and a squeezed
state with |ζ | > 1 is ill-dened and formally resembles a state with innitely many partiles,
〈N〉 =∞. The interpretation of Ref. [2℄ would suggest a atastrophi partile prodution
due to tunneling if the barrier is wide enough so that a2 > amax. But, in fat, the model
with a massless onformally oupled salar eld does not have any partile prodution.
A physial explanation of this result has already been partially given in Ref. [2℄. A
squeezed state is a superposition of all exited states, and the amplitudes of high-energy
exited states are exponentially suppressed. On the other hand, the low-energy states on-
tribute an exponentially suppressed amount to the wave funtion beause of tunneling. But
the two exponential suppression fators have a dierent behavior beause the exponential
suppression of low-energy states is a-dependent. Therefore, the high-energy states (whih
were already ontained in the reollapsing universe) will give a dominant ontribution to the
wave funtion at large enough a under the barrier.
IV. DISCUSSION
We have examined the solutions of the Wheeler-DeWitt equation for the FRW universe
with a onformally oupled massless salar eld. We have shown that the wave funtion
under the barrier exhibits all the signs of a atastrophi partile prodution in the sense
17
of Rubakov et al., even though there is no atual partile prodution in this model. The
alulations of Rubakov et al. are formally orret, but we disagree with their interpretation.
The wave funtion of the universe is a superposition of dierent semilassial geometries;
eah semilassial universe ontains a dierent quantum state of the salar eld. If the
quantum state of the universe is a superposition of low-energy and high-energy states of
the salar eld, then the wave funtion of the expanding universe will be dominated by the
semilassial geometries that essentially did not tunnel, rather than by the geometry of an
inating universe reated by tunneling.
For example, in the massless model we might onsider a quantum state of the universe
whih is a superposition of the vauum state Ψ0 and of the state Ψ
k
n whih is the k-th
exited state of a single mode χn of the quantum eld. A superposition of these states suh
as Ψ0 + αΨ
k
n, with a small amplitude α, will be lose to the vauum state to the left of the
barrier (in the reollapsing universe). However, to the right of the barrier the ontribution
of the state Ψkn will dominate the wave funtion, and the inating universe will appear to
be in an exited state with the oupation number k in the mode χn.
This result should be interpreted not as a prodution of partiles during tunneling, but
rather as an emergene of exited states that have been already present in the reollapsing
universe and beame dominant in the expanding regime after tunneling. Had these highly
exited states not been present, the nal state would have been that of an empty inating
universe. Thus, to investigate the reation of the universe through quantum tunneling, the
initial state of the reollapsing universe must be hosen orretly.
In the model with a onformally oupled massless salar eld, there is a preferred hoie
of the quantum state of the reollapsing universe whih does not ontain any admixture
of exited states. This quantum state an be identied with the vauum state. We have
performed an expliit alulation to demonstrate that the wave funtion of any (non-vauum)
squeezed state beomes dominated by high-energy states exatly at the same region where
the perturbative formalism of Rubakov et al. starts to break down.
We have also shown that the Gaussian solution of the Wheeler-DeWitt equation [Eq. (13)℄
is equivalent to a squeezed vauum state in the formalism of Rubakov et al. The Gaussian
solution also manifests the domination by high-energy states, in that the wave funtion starts
to grow at large χ. Therefore, the ondition (19) that the Gaussian wave funtion dereases
at large χ an be used to selet a quantum state of the universe whih is dominated by the
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vauum state rather than by the admixture of high-energy exited states.
In the ompanion paper [12℄, we shall extend our onlusions to the more general ase
of a massive onformally oupled eld where, unlike the ase of the massless eld, one
would expet some partile reation. We shall demonstrate that the quantum state of the
reollapsing universe an be hosen to ontain a suiently small admixture of exited states,
and that in this ase the WKB approximation is everywhere appliable and the bakreation
of the matter exitations on the metri is negligible. We note that the under-barrier behavior
of a massive eld has been disussed by Bouhmadi-López, Garay and González-Díaz [20℄,
who onstruted a vauum wave funtion satisfying the ondition of Eq. (19) in the ase of
a negative osmologial onstant (H2 < 0). The paper [20℄ has a signiant overlap with
our work in [12℄, and we shall omment on it there in more detail.
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Appendix A: THE UNDER-BARRIER WAVE FUNCTION OF A SQUEEZED
STATE
Here we ompute the wave funtion of a squeezed state with an arbitrary squeezing
parameter ζ 6= 0 in the ase H = 0. The potential V (a) is
V (a) = a2 − εr. (A1)
For simpliity we onsider the vauum state in all modes exept one partiular mode χn.
[Simultaneous squeezed states of several modes give analogous results.℄ Our purpose is to
show that the wave funtion under the barrier is dominated by the ontribution of ertain
high-energy exited states, rather than by the vauum solution, and to nd the relevant
range of a.
For an exited state of the mode χn with oupation number 2k, the turning point is at
a0 (2k) =
√
εr + 4n~k. (A2)
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For a given a, exited states with k > kmin (a) are above the barrier, where
kmin =
V (a)
4n~
. (A3)
The wave funtion for an exited state of level 2k is [f. Eq. (20)℄
Ψ2k (a, χn) =
( n
pi~
) 1
4 H2k
(
χn
√
n
~
)
√
(4k)!!
exp
(
−nχ
2
n
2~
)
ψ2k (a) , (A4)
where the a-dependent part ψ2k (a) is given by a WKB approximation,
ψ2k (a) ∝


1
4
√
V (a)−4n~k
exp
(
− 1
~
∫ a
a0(2k)
√
V (a)− 4n~k da
)
, a > a0 (2k) ,
2
4
√
4n~k−V (a)
cos
(
1
~
∫ a0(2k)
a
√
4n~k − V (a) da− pi
4
)
, 0 < a < a0 (2k) .
(A5)
The wave funtion Ψ (a, {χl}) is a superposition of the wave funtions for exited states
of the mode χn (we suppress the dependene on other modes χl with l 6= n), with oeients
given by Eq. (25) with the squeezing parameter ζ ,
Ψ (a, χn) =
(
1− |ζ |2) 14 ( n
pi~
) 1
4
exp
(
−nχ
2
n
2~
)
×
∞∑
k=0
(−ζ)k√(2k)!
2kk!
H2k
(
χn
√
n
~
)
√
(4k)!!
ψ2k (a) . (A6)
For the analysis below we will need an asymptoti formula for Hermite polynomialsHn (x)
at xed x and large n,
Hn (x) ∼
√
2 (2n)
n
2 e
x2
2
−n
2
+O(n−1) cos
(
−pin
2
+ x
√
2n+O(n−1/2)
)
. (A7)
This expression an be derived by the method of steepest desent from the integral repre-
sentation (f. [19℄, Eq. 22.10.15)
Hn (x) =
in
2
√
pi
∫ +∞
−∞
e−(
t
2
+ix)
2
tndt. (A8)
Using the Stirling formula for large fatorials
n! ∼
√
2pin
(n
e
)n
(1 +O
(
n−1
)
), (A9)
we nd √
(2k)!
2kk!
∼ k−1/4. (A10)
Compared with the exponential funtions of k in Eq. (A6), this is a slowly hanging fator.
20
Consider the ontribution of the state |2k〉 to the wave funtion, as a funtion of k. The
ontribution of levels k > kmin dereases with k beause of the suppression fator ζ
k
. The
absolute value of the ontribution of a level k < kmin an be estimated as
∣∣ζkΨ2k (a, χn)∣∣ ∼ exp
(
−zk − 1
~
∫ a
a0(2k)
√
V (a)− 4n~k da
)
. (A11)
Here we have dened for onveniene
z ≡ − ln |ζ | . (A12)
[We have used the asymptoti Eq. (A7) whih is justied if k is large. There is no dependene
on χn in the absolute value of the wave funtion.℄ For V (a) given by Eq. (A1), the integral
in Eq. (A11) an be evaluated as∫ a
a0
√
a2 − a20 da =
a
2
√
a2 − a20 −
a20
2
cosh−1
a
a0
. (A13)
The funtion under the exponential in Eq. (A11) has a maximum at
k = k0 (a, ζ) =
1
4n~
(
a2
cosh2 z
2n
− εr
)
. (A14)
[Note that k0 > 0 only for large enough a.℄ Therefore the dominant ontribution to the
wave funtion omes from either k = 0 (for 0 < a <
√
εr cosh
z
2n
) or from k ≈ k0 (a, ζ) (for
a >
√
εr cosh
z
2n
). One an see this in Fig. 3: at progressively larger values of a, the wave
funtion exhibits more osillations in the χn diretion, whih orresponds to exited states
with dierent values of k = k0 (a, ζ).
We nd that the wave funtion Ψ (a, χn) is dominated by the ontribution of exited
states Ψ2k with k ≈ k0 (a, ζ) when
a > amax ≡ √εr cosh z
2n
=
√
εr
2
(
ζ−
1
2n + ζ
1
2n
)
. (A15)
This is the expression we needed in Se. III C.
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